The paper discusses the two-loop (NNLO) electroweak radiative corrections to the parity-violating Møller scattering asymmetry induced by insertions to boxes of electron and neutrino mass operators (fermion self-energies), vertex functions and boson self-energies. The results will be relevant to the ultra-precise 11 GeV MOLLER experiment planned at the Jefferson Laboratory, which will measure the weak charge of the electron and search for new physics. The numerical estimations for the NNLO contribution to the cross section asymmetry are presented.
Introduction
The Møller scattering [1] with polarized electrons has attracted active interest from both experimental and theoretical standpoints for several reasons. It has allowed the high-precision determination of the electron-beam polarization at SLC [2] , SLAC [3, 4] , JLab [5] and MIT-Bates [6] (and as a future prospect -the ILC [7] ). The polarized Møller scattering can be an excellent tool in measuring parity-violating weak interaction asymmetries [8] . The first observation of Parity Violation (PV) in the Møller scattering was made by the E-158 experiment at SLAC [9, 10, 11] , which studied scattering of 45-to 48-GeV polarized electrons on the unpolarized electrons of a hydrogen target. It results at Q 2 = −t = 0.026 GeV 2 for the observable parity-violating asymmetry A P V = (1.31±0.14 (stat.)±0.10 (syst.))×10 −7 [12] The significant theoretical effort has been dedicated to one-loop radiative corrections already. A short review of the references on that topic is done in [18, 19] , where we calculated a full set of the one-loop electroweak corrections (EWC) both numerically with no simplifications using computer algebra packages and by-hand in a compact form analytically free from nonphysical parameters, and found the total relative correction to the observable asymmetry to be close to −70%. It is possible that a large theoretical uncertainty in the prediction for the asymmetry may come from two-loop corrections. One way to find some indication of the size of higher-order contributions is to compare results that are expressed in terms of quantities related to different renormalization schemes. In [20] , we provided a tuned comparison between the result obtained with different renormalization conditions, first within one scheme then between two schemes. Our calculations in the on-shell and Constrained Differential Renormalization schemes show the difference of about 11%, which is comparable with the difference of 10%
between MS [21] and the on-shell scheme [22] . It is also worth noting that although two-loop corrections to the cross section may seem to be small, it is much harder to estimate their scale and behavior for such a complicated observable as the parity-violating asymmetry to be measured by the MOLLER experiment.
The two-loop EWC to the Born cross section (∼ M 0 M + 0 ) can be divided onto two classes: Q-part induced by quadratic one-loop amplitudes
, and T -part -the interference of Born and two-loop amplitudes ∼ 2 Re M 0 M + 2 (here index i in the amplitude M i corresponds to the order of perturbation theory). The Q-part was calculated exactly in [23] (using Feynman-t'Hooft gauge and the on-shell renormalization), where we show that the Q-part is much higher than the planned experimental uncertainty of MOLLER, i.e. the two-loop EWC are larger than was assumed in the past.
The large size of the Q-part demands detailed and consistent treatment of T -part, but this formidable task will require several stages. Our first step was to calculate the gauge-invariant double boxes [24] . In this paper we do the next step -we consider the EWC arising from the contribution of a wide class of the gauge-invariant Feynman amplitudes of the box type with one- The paper is organized as follows. We define the basic notations in Sect. 2 and present FSEB, VB, and BSEB in Sect. 3. In Sect. 4, we provide the numerical results for asymmetry for the kinematics conditions of the MOLLER experiment and discuss work still to be done in the future. In Appendix A, the mass operators of electron and neutrino are presented. In Appendix B, we show the result for one-loop corrections to vertex functions for the case when only one fermion is on the mass shell. In Appendix C, we consider the polarization of vacuum for the virtual photon, Z-and W -boson. The details of calculation of ultraviolet cut-off loop momenta integrals can be found in Appendix D.
Basic notations
We consider the process of electron-electron elastic scattering, i.e. Møller process:
where λ i (i = 1, 4) are the chiral states of initial and final electrons. The kinematical invariants were defined in the standard way:
In the MOLLER experiment, the expected beam energy is E beam = 
In the Born approximation, this asymmetry has a form
proportional to
Let us now recall that s W (c W ) is the sine (cosine) of the Weinberg angle expressed in terms of the Z-and W -boson masses according to the Standard Model rules:
Thus, the factor a is just a ≈ 0.109 and the asymmetry is therefore suppressed by both s/m 2 W and a. Even at at θ = 90
• , where the Born asymmetry is maximal, it is extremely small:
We denote the specific contribution to the asymmetry by the index C, which thus can be BSEB, FSEB, VB or IB=BSEB+FSEB+VB for the whole set of diagrams Fig. 1 , respectively.
The contribution to the asymmetry (∆A) C and the relative correction
A are defined as:
The relative correction to observable asymmetry from the contribution of type C looks as (see derivation in more details in [19] ):
where the relative correction to unpolarized cross section σ 0 00 (we used short notation for differential cross section σ ≡ dσ/d(cos θ)) is:
For the two-loop effects where δ C is small, we can use an approximate equation for relative correction to asymmetry δ lines are assumed to be photons or Z-bosons. We also considered crossed box diagrams which can also contain W -bosons legs.
use the asymptotic expressions for the one-loop vertex functions as well as the mass and vacuum polarization operators. Using the well-known approach [25] , [26] which we successfully employed for the box-type chiral amplitudes in [24] (see also [27] ), we can write for the direct ZZ-box chiral amplitude of "++++" type:
Easily we can get a similar expression for the crossed box and for amplitude of "−−−−" type. The quantities g and f in (12) coincide with a and b from [24] , respectively, and are defined as:
where ω ± = (1 ± γ 5 ) /2 are the chirality projection operators. Let us calculate t-channel amplitude; the u-channel amplitude can be obtained by the replacement t ↔ u. This interchange will be denoted below as an operator
The box-type amplitude with the double Z-boson exchange with all the possible insertions (i.e. VB, FSEB and BSEB) has a form:
where "±" sign corresponds to the chiral amplitudes M ±±±± . The expression for the box amplitude with Zγ-exchange is similar:
At last, for γγ-exchange amplitude we have:
In all the above cases, the integration variable is related to the loop momen-
is introduced to avoid the double counting for the region of small loop momenta squares −k 2 < s, where we use the Yennie-Frautchi-Suura approach [28] . Finally, the contribution to M −−−− arises from the box-type Feynman diagram with two W -boson exchange:
The structure of the quantities I ij in (13), (14), (15) and (16) corresponds to three types of radiative corrections, FSEB, VB and BSEB, respectively:
Here, we use the dimensionless quantities for the product of fermion Green function and the truncated mass operators of electron M e and neutrino M ν (see Appendix A):
The vertex function V µ eeγ (k 2 ) with one electron on the mass shell and another electron off the mass shell is normalized as
The vertex function
and similarly for eνW -vertex function we have:
The explicit expressions for the vertices V eeγ , V eeZ and V eνW are given in Appendix B.
The dimensionless products of boson Green function with the relevant regularized polarization operator Π µν (q) = Π(q 2 )g µν + B(q 2 )q µ q ν are defined as:
The structure B(q 2 )q µ q ν does not contribute due the gauge invariance. The explicit expression for the "truncated" quantities are given in Appendix C.
Numerical results and conclusion
For the numerical calculations, we use the central kinematical point of the MOLLER experiment and α, m W and m Z in accordance with the Particle Data Group [29] . The effective quark masses used for the vector boson selfenergy loop contributions are extracted from the shifts in the fine structure constant due to hadronic vacuum polarization ∆α (5) had (m 2 Z ) = 0.02757 [30] . For the mass of Higgs boson, we take m H = 125 GeV.
The contribution relevant to the observed asymmetry is the interference of the two-loop box-type amplitudes with the Born amplitudes M γ,Z . The contribution to the matrix element squared (i.e. cross section) has the form: 
and thus the relative correction D
IB
A has the form:
We define H and Y as:
where the first four terms in both H and Y correspond to the box-type amplitudes with ZZ, Zγ, γγ and W W bosons exchanged between electrons, and the last term corresponds to the cases with Z or γ and the mixed boson Green function with polarization operator Π Zγ .
Using the following relations (see, for example, [24] and [27] )
1 gf
we obtain the following numerical results:
The "mixed"-type amplitude in two-loop approximation has two different
mix . The first contribution is associated with the two-loop box-type amplitude:
The second contribution arises from the interference of the Born-type am-plitude with the mixed Green function and the box type one-loop amplitude with the γγ-exchange:
The contributions to the asymmetry from the transition polarization operator Π Zγ with leptons in the fermion loop are proportional to higher powers of a, which is small. The same reasoning is valid for the quark-antiquark state contribution. Specifically, it enters with the factor
The contributions from (
Finally, we are ready to present final numerical value for the relative corrections considered in this paper to the observable cross section asymmetry.
The one-loop (NLO) corrections [18, 19] give the biggest contribution,
Several categories of the NNLO contributions (Q-part and double boxes) are calculated in [23] and [24] and give the following values:
Summing up all the contributions in (25), the numerical result of the class of the gauge-invariant Feynman amplitudes considered in this paper (boxes with one-loop insertions of fermion mass operators, vertex functions and polarization of vacuum for bosons) is:
As one can see, the relative correction we obtained is much less than the expected MOLLER experimental error, but it still a non-negligible contribution to the MOLLER error budget. Most likely, the entire set of two-loop corrections will be smaller than the experimental statistical error, but, in the light of the MOLLER success depending so crucially on its precision, the two-loop corrections still need to be controlled.
As the low-energy precision experiment, MOLLER is complementary to the LHC efforts and may discover new physics signal that could escape LHC detection. However, for the MOLLER experiment to produce meaningful physics, the uncertainties in the NNLO EWC must be much smaller than the MOLLER statistical error. Clearly, there is a need for the a complete study of the two-loop electroweak radiative corrections in order to meet the MOLLER precision goals. 
Acknowledgements

A Mass operators
Here, we will define the explicit form of the quantities M e , M ν which enter to I ij from (17) . The quantity M e has the following form:
The explicit expression for the truncated mass operator in QED was found by R. Karplus and N. Kroll in 1950 [31, 32] :
It is useful to note that the expression in the square brackets is finite at ρ → 1. In the limit of large τ 1 = −p 2 /m 2 with logarithmical accuracy we
This mass operator contribution to the integral in (15) with logarithmical accuracy gives:
The mass operators induced by additional Z and W bosons have the following form:
(38)
B Vertices
The general form of the vertex function is V µ (k) = Aγ µ + Bk µ ; the term Bk 
, normalized as V eeγ (0) = 0, has three contributions:
First, let us consider the QED-type contribution with the virtual photon intermediate state V γ eeγ . The standard procedure of joining denominators and performing the loop momenta integration leads to
where Λ is cut-off regularization parameter. Since the sub-set of the diagrams considered here is gauge invariant on its own, it was not essential for us to use the dimensional regularization scheme providing gauge invariance, so we simply applied the cut-off technique. There is no significant numerical difference between two schemes in this situation.
The renormalization procedure consists in subtraction at k = 0 and leads to:
The contribution of this vertex function to the integral in (15) has the form:
The other contributions are:
Vertex function V µ eeZ = −iGγ µ (a±γ 5 )V eeZ , G = e/(4s W c W ) has four different contributions:
and is normalized as V eeZ (k 2 = m 2 Z ) = 0. These contributions are
.
And finally, the vertex function
V eνW as well contains three contributions:
and is normalized as V eνW (τ = −c 
where
Note that the term containing log(m 2 /λ 2 ) in expression V γW can be omitted as it will be absorbed by the similar terms in two-loop contributions after applying the Yennie-Frautschi-Suura regularization (see [33] for details).
C Polarization operators
While considering the vacuum polarization operators of photon, Z-and Wboson at one loop, one should recall that the regularization implies the double subtraction procedure. The "truncated" operators imply including only the vertices of interaction of bosons with the fermion loop. From now on, we will omit index "tr". The general form of the polarization operator is:
We only need to consider a part of polarization tensor proportional to g µν .
The reason is the gauge invariance of the whole set of the double-box amplitudes, which leads to a zero contribution for terms proportional to q µ q ν tensor.
Let's define Π γ as: 
The contribution of leptons and quarks are associated with the quadratic divergent integral over the loop momentum:
Using the set of divergent integrals (see Appendix D) and performing the regularization procedure, we include the contribution of leptons and quarks
The factor 3 takes into account the number of quark colours. The last three contributions in (49) are
the known result for Feynman-t'Hooft gauge used in [34, 35] .
The polarization operator for Z-boson has seven types of contributions:
were we used the definition
The contribution of lepton Π 
The renormalization of R(τ ) for any contribution to the polarization operator of Z-boson consist of the following replacement:
In particular, for example:
Keeping in mind that there are three generations of charged leptons, neutrinos, and quarks, we obtain: 
The contribution of the charged ghosts G ± W is:
And, finally, the contribution from the state with ghosts G 1,2 is:
with explicit form of A(τ ) given in Appendix D.
The polarization operator for W -boson has contributions from the loop Feynman diagrams with (ν, e), (d +s)(u + c), (W, Z), (W, γ) and the states with ghosts. Defining the dimensionless combination:
we write
From now on, when considering the definite contributions to Π W , we imply that τ → τ W . Let us first consider the contributions from fermions. For the state with a charged lepton and the corresponding antineutrino we obtain:
with function F given in (57). Factor 3 corresponds to the number of lepton generations. The contribution of quark states is:
where factor 4 corresponds to the number of pairs (d +s)(u + c). The for the W Z state we have: 
with A(τ ) taken with γ = 1/c 2 W . For the last two terms we have:
Note that the term log (m 2 /λ 2 ) in the expression for Q(τ ) is compensated by the corresponding contributions from the two-box amplitudes.
Let us now consider the contributions to the transition polarization Π Zγ µν = Π Zγ g µν , and define the dimensionless function
As shown above, the fermions contribution is proportional to a 2 and can be omitted. The contributions of ( Thus, the total is:
D Loop integrals and regularization
To calculate loop integrals, we perform the Wick rotation of the loop momentum k (k 0 → ik 4 , k 2 = −k 2 E < 0). In order to regularize ultra-violet divergence, we introduce the cut-off parameter Λ so k 2 E < Λ 2 , and all of the kinematical invariants much less (i.e. Λ 2 ≫ |p i p j |). The final result will be independent of Λ after the renormalization procedure. Let us now list all the integrals we need:
Here, we use the notation dk ≡ d 4 k/(iπ 2 ) = k We also use the consequence of the integrand symmetry:
for any function f (k 2 ). The standard procedure of shifting variable in loop integrals [32] leads to:
Let us consider the divergent integrals with A ≡ k 2 − m 2 and B ≡ (q − k) 2 − m 2 :
By contracting indices in the tensor integral (70), we obtain:
According the renormalization procedure, we can omit terms having the form aq 2 + bm 2 and (cq 2 + dm 2 )L λ .
Let us consider now the general integral of the form
Now, let us use the following algebraic identity:
Due to our renormalization convention, we can omit the first and the second terms in the right-hand side of this equation so the integral reads as: .
(74)
